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ABSTRACT: Using AdS/CFT correspondence and the Euclidean action formalism for black
hole entropy Kraus and Larsen have argued that the entropy of a BTZ black hole in
three dimensional supergravity with (0,4) supersymmetry does not receive any correction
from higher derivative terms in the action. We argue that as a consequence of AdS/CFT
correspondence the action of a three dimensional supergravity with (0,4) supersymmetry
cannot receive any higher derivative correction except for those which can be removed by
field redefinition. The non-renormalization of the entropy then follows as a consequence of
this and the invariance of Wald’s formula under a field redefinition.
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BTZ solution describes a black hole in three dimensional theory of gravity with negative
cosmological constant and often appears as a factor in the near horizon geometry of
higher dimensional black holes in string theory []. Furthermore the entropy of a BTZ
black hole has a remarkable similarity to the Cardy formula for the degeneracy of states
in the two dimensional conformal field theory [[J]. For these reasons computation of the
entropy of BTZ black holes has been an important problem, both in three dimensional
theories of gravity and also in string theory. Initial studies involved computing Bekenstein-
Hawking formula for BTZ black hole entropy in two derivative theories of gravity. Later
this was generalized to higher derivative theories of gravity [{—[L0], where the lagrangian
density contains arbitrary powers of Riemann tensor and its covariant derivatives as well
as gravitational Chern-Simons terms [[LT], both in the Euclidean action formalism [[[2] and
in Wald’s formalism [[[J - [Lq].

While the above mentioned formalism tells us how to calculate the entropy of a BTZ
black hole for a given action with arbitrary higher derivative terms, it does not tell us what
these higher derivative terms are. It was however argued by Kraus and Larsen [f, fI] using
AdS/CFT correspondence that if the three dimensional theory under consideration has at
least (0,4) supersymmetry then the entropy of a BTZ black hole of given mass and angular
momentum is determined completely in terms of the coefficients of the gravitational and
gauge Chern-Simons terms in the action and hence does not receive any higher derivative
corrections. This result is somewhat surprising from the point of view of the bulk theory,
since for a given three dimensional theory of gravity the entropy does have non-trivial
dependence on all the higher derivative terms. Thus one could wonder how the dependence
of the entropy on these higher derivative terms disappears by imposing the requirement of
(0,4) supersymmetry.

In this note we shall propose a simple explanation for this fact: (0,4) supersymme-
try prevents the addition of any higher derivative terms in the supergravity action (except
those which can be removed by field redefinition and hence give an equivalent theory). Our
argument is based on the following observation. In AdS/CFT correspondence the bound-
ary operators dual to the fields in the supergravity multiplet are just the superconformal
currents associated with the (0,4) supersymmetry algebra. The correlation functions of
these operators in the boundary theory are determined completely in terms of the central
charges cp, cg of the left-moving Virasoro algebra and the right-moving super-Virasoro
algebra. Of these cp is related to the central charge kg of the right-moving SU(2) currents
which form the R-symmetry currents of the super-Virasoro algebra and hence to the coef-
ficient of the Chern-Simons term of the associated SU(2) gauge fields in the bulk theory.
On the other hand ¢y, — cg is determined in terms of the coefficient of the gravitational
Chern-Simons term in the bulk theory. Thus the knowledge of the gauge and gravitational
Chern-Simons terms in the bulk theory determines all the correlation functions of (0,4)
superconformal currents in the boundary theory. Since by AdS/CFT correspondence [[[7]
these correlation functions in the boundary theory determine completely the boundary S-
matrix of the supergravity fields [[[§, [[9], we conclude that the coefficients of the gauge and
gravitational Chern-Simons terms in the bulk theory determine completely the boundary
S-matrix elements in this theory.



Now the boundary S-matrix elements are the only perturbative observables of the bulk
theory. Thus we expect that two different theories with the same boundary S-matrix must
be equivalent. (We shall elaborate on this later.) Combining this with the observation
made in the last paragraph we see that two different gravity theories, both with (0,4) su-
persymmetry and the same coeflicients of the gauge and gravitational Chern-Simons terms,
must be equivalent. Put another way, once we have constructed a classical supergravity
theory with (0,4) supersymmetry and given coefficients of the Chern-Simons terms, there
cannot be any higher derivative corrections to the action involving fields in the gravity

L' The non-

supermultiplet except for those which can be removed by field redefinition.
renormalization of the entropy of the BTZ black hole then follows trivially from this fact.
The complete theory in the bulk of course can have other matter multiplets whose action
will receive higher derivative corrections. However since restriction to the fields in the
gravity supermultiplet provides a consistent truncation of the theory,? and since the BTZ
black hole is embedded in this subsector, its entropy will not be affected by these additional
higher derivative terms.

Our arguments will imply in particular that the five dimensional supergravity action
constructed in [T, after dimensional reduction on a sphere, must be equivalent to the
three dimensional supergravity action given in eq. () below with the precise relationship
between the various coefficients as given in eq. ({). This in turn would explain why the
analysis of the black hole entropy given in 23, B3] (see also [R4]) agrees with the expected
result. We should caution the reader however that the field redefinition needed to arrive
at the action given in () may not be invertible on all field configurations. For example
if we take a Chern-Simons action and add to it the usual kinetic term for a gauge field
then the kinetic term can be removed formally by a field redefinition. However the theory
with the kinetic term has an extra pole in the gauge field propagator corresponding to a
massive photon which is absent in the pure Chern-Simons theory. This happens because
the field redefinition that takes us from the theory with the gauge kinetic term to pure
Chern-Simons theory is not invertible on the plane wave solution describing the propagating
massive photon. This however does not affect our argument as long as the field redefinition
is invertible on slowly varying field configuration around the AdSs; background. In this
context we note that such field redefinitions are carried out routinely in string theory, e.g.
in converting a term in the gravitational action quadratic in the Riemann tensor to the
Gauss-Bonnet combination. The former theory typically has extra poles in the graviton
propagator which are absent in the latter theory.

!Incidentally, since the correlation functions of the superconformal currents in the boundary theory,
expressed in terms of kr and cr,, are also not affected by inclusion of non-planar graphs, it follows that
the supergravity action also does not receive any higher derivative quantum corrections. This however does
not mean that BTZ black hole entropy is protected from quantum corrections; the global geometry of BTZ
black hole is different from AdS3, and due to this BTZ black hole entropy can receive correction from terms
in the action which cannot be written as integrals of local Lagrangian density in three dimensions [@]

2In practice this means that there is no term in the action that contains a single power of a matter field
and one or more powers of the supergravity fields. In the CFT living on the boundary this is reflected in the
fact that a correlation function involving a single primary field other than identity and arbitrary number
of superconformal currents vanishes.



For completeness we shall now describe this unique (0,4) supergravity action and
compute the entropy of a BTZ black hole from this action. The action was constructed
in [PH, by regarding the supergravity as a gauge theory based on SU(1,1)xSU(1, 1]2) al-
gebra.? If I';, and I'g denote the (super-)connections in the SU(1, 1) and SU(1, 1|2) algebras
respectively, then the action is taken to be a Chern-Simons action [B(] of the form:

2
S = —ayg, /dg.%' [TT(FLAdFL+ grL/\FL/\FL]
2
+aRr /dgzc |:StT(FR/\dFR+§FR/\FR/\FR:| , (1)

where ay, and ap are constants. Note that the usual metric degrees of freedom are encoded
in the connections I'y, and T'g [BI]]. Thus there is no obvious way to add SU(1, 1) xSU(1, 1|2)
invariant higher derivative terms in the action involving the field strengths associated with
the connections I';, and I'g. From this viewpoint also it is natural that the supergravity
action does not receive any higher derivative corrections.

The bosonic fields of this theory include the metric Gy and an SU(2) gauge field
Ay (0 < M < 2), represented as a 2 x 2 anti-hermitian matrix valued vector field. After
expressing the action in the component notation and eliminating auxiliary fields using their

equations of motion we arrive at the action

S = /d?’m |:\/ —detG [R+2m2} +KQg(f)—i—R MNPy <AM8NAP + %AMANAP>:|
7I
(2)

where
1 1 1
m = §(GR +ar), K = 5(% —ag), (3)
1
/{?R=47TGR:47T (——K) s (4)
m

T is the Christoffel connection constructed out of the metric G MmN and
N 1~ R 1~ o~
Q3(T) = MNP [irﬂR/[SaNF%R + gFJ\R/[SF%TIgR} : (5)

e is the totally anti-symmetric symbol with €212

= 1. Note that although the action contains
gravitational Chern-Simons term, there are no terms involving square of the Riemann
tensor.

We shall now compute the entropy of a BTZ black hole in this theory. We begin by
reviewing the result for BTZ black hole entropy in a general higher derivative theory of

gravity. For this it will be enough to keep only the gravitational fields in the action, setting

3A different class of supergravity theories were constructed in @7@] based on the supergroup
Osp(p|2; R) x Osp(q|2; R), with the supercharges transforming in the vector representation of the R-
symmetry group SO(p)r x SO(¢)r. Thus the corresponding boundary theories will have a different su-
peralgebra and a different set of correlation functions, and our arguments cannot be used to relate the bulk
action of these theories to the action given in (ﬂ)



all other fields to zero. Let us consider a general gravitational action in three dimensions

of the form:

S:/ﬁ%%ﬁd%Gd@+Kﬂﬂﬂ , (6)
where 583) denotes an arbitrary scalar constructed out of the metric, the Riemann tensor

and covariant derivatives of the Riemann tensor. A general BTZ black hole in the three
dimensional theory is described by the metric:

GundzMdzy = —

(0> =) (> = %) . 4 1%p? 2, o pir— \
d d dy — d

12p? " +(p2——p3)(p2—-p3) AT )

(7)

where [, py and p_ are parameters labelling the solution. Of these the parameters p4 can
be removed locally by a coordinate transformation, so that any scalar combination of the
Riemann tensor and metric computed for this metric is a function of the parameter [ only.

We define

ni) = £g”, ®)
evaluated in the background (), and
w3
o) =" ). )

Then the following results hold (see e.g. [{]):

1. Equations of motion of the metric determines the value Iy of [ to be a solution to the

equation
d(lp) =0. (10)
2. The entropy of a BTZ black hole with mass M and angular momentum J is given
by
Sp = 2my | LIE 4 on, [SRIE (11)
6 6
where
1 1
qr = §(M_J)7 QR:§(M+J)7 (12)
CL:247T(C+K), CR:247T(C—K), (13)
1
C =——g(lp). 14
—g(lo) (14

3. The parameters py are related to M and J via the relations

27(C F K)

M+J=
I

(o4 £p-)°. (15)

Tt is worth emphasizing that since under a field redefinition of the metric I — f(I) for some function
f(1), lo is not invariant under a field redefinition. However g(lo), being the value of the function g(I) at its
extremum, is invariant under such a field redefinition.



We shall now apply these results to the action given in (f). We get

M) = (<6172 4 2m?), o) = TP (-6t om?), oy = % = % (16)
and
cr, =24m <l+K>:247TaL, crR=24T7 <l—K>:247TaR, (17)
m m
where in ([[7) we have used (f). Using {) we get
cr = 6 kg, cp, =487 K +6kp. (18)

Egs. (1)), ([2), (1) give the desired expression for the entropy of a BTZ black hole in terms
of the coefficients of the gauge and gravitational Chern-Simons terms. By our previous
argument addition of higher derivative terms do not change this result as long as they
respect (0,4) supersymmetry.

Since the crux of our argument has been the relationship between non-renormalization
of the boundary S-matrix and the non-renormalization of the classical action, we shall now
elaborate on this by examining how this works for the gauge sector of the theory. In this
case the Chern-Simons theory has equation of motion Fj;n = 0 where

FMNzﬁ[MAN] —{—[AM,AN] (19)

is the gauge field strength. Any additional gauge invariant term in the action will involve
the gauge field strength and hence will vanish when Fp;ny = 0. The following standard
argument then shows that such terms can be removed from the action using a field redefi-
nition. Let Sy denote the pure Chern-Simons action and S denote the full action including
higher derivative terms. Then we can write

S:SO—l—)\/d?’xF]‘\l/[N(:c)K“MN(x), (20)

where K*MN i a gauge covariant term and hence contains at least a single power of
FMN () or its covariant derivatives. A is a small parameter that indicates that these
additional higher derivative terms are small compared to the leading term for slowly varying
fields. Now since

% =ceMNP pe (1), (21)
for an appropriate constant ¢, we can remove the second term in (R() to first order in A
by a field redefinition Ag, — A%, — ZACEM NP K% p. The resulting Lagrangian will have the
form of a pure Chern-Simons action plus terms of order A\? and higher with each term
containing at least two powers of F§,, or its covariant derivatives. Thus after integration
by parts the action can be brought to the same form as (2(), but now with A replaced by
A2 and K*MN replaced by a different gauge covariant expression with higher number of
derivatives. By repeating this process we can bring S to the form Sy up to any given order

in the expansion in powers of A, i.e. any given order in the derivative expansion.



We shall now see how the vanishing of the additional terms in the action for F = 0
is related to the non-renormalization of the boundary S-matrix. For this we first review
the computation of the boundary S-matrix from pure Chern-Simons theory. We begin by
writing the Euclidean AdS3 metric in the Poincare patch

l2

2 _
ds” = (20)2

((dz°)? + (dat)? + (d=?)?) , (22)

and introduce complex coordinate z, integration measure d?z and the d-function (%) (Z) as
follows:
z=z! +iz?, d?z = datds?, 52 (2) = 6(aM)d(2?). (23)

The gauge field action in the Euclidean space takes the form?®

Sgange = —ii—: dzeMNP Ty (AMaNAP + gAMANAp> + ];—jj / d?2Tr(ALAZ)| 0o -

(24)
The last term in (24) is a boundary term needed to ensure the consistency of the theory [B3,
5, BJ]. The effect of this term is that while computing the variation of the on-shell action
under a variation of the gauge fields, the result depends only on dA, at the boundary
2% = 0 and not on §A ;. Thus while deriving the equations of motion from the action using
a variational principle, we fix the boundary condition only on A, [BJ]. Let us denote by
Z the pair (z,z) and let T [Ago)] denote the value of the Euclidean action evaluated for an
on-shell field configuration subject to the boundary condition

A.(z"=0,2)= A0 (2). (25)

Then according to AdS/CFT conjecture we have [[L§, [L9]

) i 5 (0)
<Ja1(_’1) o Jan(gn)> _ (Z?T)n e 0a e*I[Az ] s (26)
sA0) 1(21).--514,(2) "(Zn) A" (%)=0

where J%(Z) are the SU(2) currents of the CFT at the boundary and the A%, are defined

through
1

AM:§2'0“A“ ) (27)
04 being the Pauli matrices. Thus our task is to compute I [Ago)]. For this we first need to
evaluate the gauge field configuration that satisfies the equation of motion Fy;ny = 0 and

the boundary condition (). This is given by

1
Ay (2,20 de™ = e % de® = dd + 5 (AP — 2dP) + . (28)

SWe shall follow the same sign and normalization convention as ref. [@] There is an apparent difference
in the overall sign of the Chern-Simons term, but this is related to the fact that in the z°, ', z* coordinate
012 5 0. As a result
we need the — sign in front of the Chern-Simons term to ensure that the variation of the on-shell action

system the boundary of AdSs is at the lower limit of 2° (2° = 0) and we have chosen ¢

depends only on dA, and not on dA; at the boundary.



where

and B is chosen such that (Bg) satisfies the boundary condition (R5). Eq. (B0) gives

lim 0.K (7, 2%0) = 0¥ (zZ—w), (31)
lim 0;K (7, 2°%;w%) = L (32)
1;0—>O z Y Y - T (2 — U_))Q .

Using eqs. (BY)- (B1l) we find that A, (z° = 0, %) is equal to BS”(:Z) to first order in an
expansion in a power series in Bgo). Thus to this order @) is satisfied for Bgo) = A/(ZO).
The higher order contributions to Bgo) can be obtained by iteratively solving eq. (BF) with

the ansatz for Ay given in (B§)- (BJ). The result is

BOG) = AV + 5 [ (Cl_—wm (AL @)AL () - A DAL (@) + - (33)

z z %

where - - - denote higher order terms. We can now substitute the solution given in (Rg)- (B3)
into (R4) to evaluate the on-shell action I [A/(ZO)]. Evaluation of the boundary contribution
is straightforward. In evaluating the contribution from the Chern-Simons term we first use
the equation of motion to express it as

k
i% dBxeMNPTy (U_laMUU_laNUU_laPU) ) (34)
T

where U = e®. Defining U; = ¢'® and noting that

1
€ NPT (U o U U, On U U 0pUy) = €000 (U 0,000 O UL Op UL )
(35)
and that Ut_lﬁtUt = @, we can express (B4) as a pure boundary term

1
—];—7’: /d2z/ dt Tr (@ [U; 0.0, U 0:U]) | o - (36)
0

(Bf) can be evaluated by expanding the integrand in a power series in ¢ and carrying out
the t integral explicitly at every order. The final result for the full action is:

1A0) = 1% [ ez 0)2 407(2) AP ()
7

ozt [ @adudo(z - w) @ - o) o - 2L AL (R AL (@) AV
7
e (37)



Egs. (R6) and (B7) now give:

(T @)% (22)) = b, (21— 2)2, (39)
(J(21) T (22) ] (23)) = —H%R €12 (z —z) N —z) N —z) T, (39)

which are the expected conformal field theory correlation functions. Following this proce-
dure we can in principle calculate arbitrary correlation functions of the SU(2) currents.

Let us now consider the effect of including additional gauge invariant terms in the
action. Since such terms are functions of gauge field strength, the solution (R§) satisfying
F v = 0 continues to be solution of the equations of motion of the new theory. Further-
more the on-shell action is not modified since all the additional terms vanish when gauge
field strength vanishes. As a result the correlation functions of the currents computed
via (@) also remains unchanged. Thus we see that the vanishing of possible corrections
to the correlators of SU(2) currents is intimately related to the vanishing of the additional
terms in the action for an on-shell field configuration of the original theory. The latter in
turn implies that the additional terms in the action can be removed by field redefinition.

We can now turn this argument around to see why the action in the gravity sector
is also not renormalized. The non-renormalization of the boundary S-matrix (which in
turn follows from supersymmetry relating the correlators of the currents and the stress
tensor in the CFT) implies that any additional contribution to the action must vanish
when original equations of motion are satisfied. This in turn implies that such additional
terms can be removed by field redefinition. We emphasize that supersymmetry is crucial
for this argument. In absence of supersymmetry relating the current correlators to the
stress tensor correlators there is no reason for the latter to be not renormalized. This
in turn would then imply that the effective action can receive corrections which do not
vanish when the original equations of motion are satisfied. Hence such corrections cannot
be removed by field redefinition.
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